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Abstract

Two new classes of neural networks for solving constrained quadratic programming

problems are presented. The main advantage of these networks is the requirement to use

economic analog multipliers for variables. The numerical simulations demonstrate that

in the new neural networks not only the cost of the hardware implementation is not rel-

atively expensive, but also accuracy of the solution is greatly good. The network

dynamic behaviors are discussed. The numerical simulations are shown that, an optimal

solution of the quadratic problems is an equilibrium point of the neural dynamics, and

vise versa. We show that these networks find the solution of both primal and dual prob-

lems, and converge to the corresponding exact solutions globally. The proposed new

neural networks models are fully stable.
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1. Introduction

Numerical computation in many disciplines, such as physics, applied math-

ematics, robotics, satellite guidance economics, etc. [1,2], has received a great

deal of attention recently as a practical technique to understand complex phe-

nomena that are almost impossible to treat analytically. In the last 50 years,
researchers have proposed various dynamic solvers for solving linear, qua-

dratic, and convex programming problems [3–6]. Dynamic solvers or analog

computer, was first proposed by Dennis [7], and later studied by Rybashov

[4,5], Karpinskaya [6], and others [1,2,8–12].

An online optimizer is desirable for many real time applications with time-

dependent cost functions. One possible approach to solve this problem is to

employ neural network on the basis of an analog circuit [8,13,14].

Most of the optimization problems with nonlinear objective functions are
usually approximated by a second-order systems and solved numerically by a

quadratic programming technique [15–17]. These traditional quadratic pro-

gramming methods typically involve an iterative process, but long computa-

tional time limits their usage. The most important advantages of the neural

networks are massively parallel processing and fast convergence. Thus algo-

rithms of the neural networks have many computational advantages over the

traditional algorithms.

Most of the existed neural networks, proposed for the solution of quadratic
programming problems, contain some penalty parameters, the stable equilib-

rium points of which are the solutions of optimization problems only when

the penalty parameters are infinite. This is almost impossible when we solve

the problem numerically. Hence, we seek for some new neural networks with

no network parameters.

Among those existing neural networks to the solution of quadratic prob-

lems, there are five widespread networks, proposed by Kennedy and Chua

[1], Maa and Shanblatt [18], Chen and Fang [19], Wu et al. [20] and Xia
[21]. All of these networks are depended to the network parameters or use very

expensive analog multipliers.

In this paper we will propose two new classes of high-performance networks

with economic analog multipliers (for variables) that solve the quadratic prob-

lems efficiently. Using economic analog multipliers is necessary, because too

many complex network models, not only cause the high cost of hardware

implementation, but also greatly affect the accuracy of solution. Our networks

are designed in a way that one can easily use it to solve constrained linear pro-
gramming problems, since in these proposed models, standard linear program-

ming problem is considered as a specific simpler quadratic programming

problem with no second order term. Our models give efficient solution for both

primal and dual variables, since it uses the primal and dual properties of the

problem simultaneously. For the linear primal-dual solution see Malek�s
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models [22]. Here in this article we introduce the new models that need not net-

work parameters.

The following section lays the basic problems and mathematical formula-

tion. Section 3 contains the two classes of new models. Section 4 contains a

comparative study of the models. Section 5 contains simulation and numerical

results.
2. The basic problem formulation

We are concerned with quadratic programming problems of the following

general form:

Min QðxÞ ¼ 1

2
xTAxþ cTx

s:t: Dx ¼ b;
x P 0; ð1Þ

where Am·m as a symmetric positive semi-definite matrix, D is an n · m matrix,

x = (x1,x2, . . . ,xm)
T and c = (c1,c2, . . . ,cm)

T. In the following, we denote kÆk2 as
the Euclidean norm. We define the dual problem as follows:

Max Q̂ðxÞ ¼ bTy � 1

2
xTAx

s:t: DTy 6 rQðxÞ; ð2Þ
where rQðxÞ ¼ Axþ c; b 2 Rn and y 2 Rn is free in sign. Assume that the

solution set

X ¼ fðx; yÞjy 2 Rn; x 2 Rm; x P 0g
for the quadratic problems (1) and (2) is nonempty. For convenience, define

vector

ðxÞþ ¼ ½ðx1Þþ; . . . ; ðxmÞþ�T;
where (xi)

+ = max{0,xi} for i = 1, . . . ,m.

Quadratic form in problem (1) is in a general form, for example if A is a po-

sitive semi-definite matrix, but it is not symmetric, problem (1) can easily refor-

mulated [23], by choosing Â ¼ 1
2
ðAþ ATÞ instead of A.

Wu et al. [20] in 1996 proposed the following neural network model to solve

problems (1) and (2)

d

dt
x
y

� �
¼ �

bð�DTy þ Axþ cÞ þ bA½x� ðxþ DTy � Ax� cÞþ�
þDTðDx� bÞ

bfDx� bþ D½ðxþ DTy � Ax� cÞþ � x�g

8><
>:

9>=
>;;

ð3Þ
where b ¼ kx� ðxþ DTy � Ax� cÞþk22.
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Xia [21] considered the adjusted form of model (3) as follows:

d

dt

x

y

� �
¼ � ðI þ AÞ½x� ðxþ DTy � Ax� cÞþ� þ DTðDx� bÞ

�D½x� ðxþ DTy � Ax� cÞþ� þ Dx� b

( )
; ð4Þ

where I is the identity matrix. For simplicity assume that

r ¼ ðxþ DTy � Ax� cÞþ and k ¼ DTðDx� bÞ;
thus models (3) and (4) are in the following forms respectively:

d

dt

x

y

� �
¼ �bðDTy � Ax� cÞ þ bAðr � xÞ � k

�bðDr � bÞ

" #
; ð5Þ

d

dt

x

y

� �
¼

ðI þ AÞðr � xÞ � k

�Dr þ b

� �
: ð6Þ

Comparing models (5) and (6), it is found that network in (5) uses more

expensive analog multipliers for variables than model (5) and therefore it needs

relatively expensive hardware instruments.
3. Class of new models

In this section we introduce a class of first new models containing two new

neural networks. New1 neural network is given in the following form:

d

dt

x

y

� �
¼ �

�DTy þ Axþ cþ A½x� ðxþ DTy � Ax� cÞþ�
þDTðDx� bÞ

Dðxþ DTy � Ax� cÞþ � b

8><
>:

9>=
>;: ð7Þ

It is a simplified model of Wu et al. (see (3)). Here we have been concerned

of obtaining better accuracy for the final solutions, while we do not use expen-

sive analog multipliers of Wu et al. and therefore our network model is simpler

in the manipulation of hardware tools. In the Tables 3–6 we show that for the

example problem in Section 4. New1 model converges to the exact solution
with 13 exact decimal points. While in the same conditions the solutions for

neural network proposed by Wu only agrees up to 3 decimal points with the

corresponding exact solution.

It is still possible to simplify New1 model. The New2 model has the advan-

tage of serious simplification and good accuracy in the same time. New2 neural

network model is in the form

d

dt

x

y

� �
¼ � ðI þ AÞ½x� ðxþ DTy � Ax� cÞþ�

Dðxþ DTy � Ax� cÞþ � b

( )
: ð8Þ
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The network circuit implementation for solving (1) and (2) whose dynamics

are governed by (8) are given in Fig. 1. The circuit consists of adders (summing

amplifiers) and integrators. In Fig. 1, vectors c and b are external input vectors,

while x and y are the network outputs. In this diagram dynamical process of

vector r is the same as what is given in [21]. A simplified block diagram of r

is illustrated in Fig. 2.
We present another model New3 in (9) which appears to be more efficient

than the New1 and New2 models when we investigate the complexity, complex-

ity of individual neurons, stability, and accuracy of the solutions, (see Tables

3–6).

d

dt

x

y

� �
¼ � x� ðxþ DTy � Ax� cÞþ

D½ðxþ DTy � Ax� cÞþ� � b

( )
: ð9Þ

This neural network model does not need to use k and therefore in practice

needs relatively less computational efforts. Moreover, this model is globally

convergent to the solution set of the programming problem (1) and (2), i.e. it

will converge to the corresponding exact solution independent of where and

how to choose the starring input initial values. New3 model not only has the
same global convergence property as the model (6), but also has some more

advantages, plus simplicity. To prove the globally convergent properties of

model (9), consider the following theorem.

Theorem 1. The neural network (9) is globally convergent to the solution set of

the primal and dual quadratic programming problems (1) and (2).

Proof. Let in the proposed model of Tao et al. [24], general projection operator
to be the identity operator. Then the proof is similar to Tao�s proof. h
Fig. 1. A simplified neural network diagram for New2 model.



Fig. 2. A simplified block diagram for r, where A = (aij) and D = (dij).
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New3 model do not use any projection operator in practice thus it is differ-

ent and simpler from the model proposed by Tao et al. Here in model (9), un-

like the Tao�s model we do not use any extension of Newton�s optimal descent

flow equation to solve the problem.
4. A comparative study

Note that we do not include the Tank and Hopfield, Chua and Lin, Ken-

nedy and Chua, Maa and Shanblatt and Chen and Fang network models in

our study. The reason is as follows: The Tank and Hopfield neural network

model [8] is a specific implementation of the dynamical canonical nonlinear

programming circuit of Chua and Lin [13]. Therefore, the Tank and Hopfield

neural network model can be derived from the Kennedy and Chua [1] neural
model. On the other hand, the dynamics of the network of Kennedy and Chua
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converges to only approximate solutions, and has the difficulty produced by

choosing penalty parameters.

Phase-1 of Maa and Shanblatt network is the same as Kennedy and Chua

model, but phase-2 of Maa and Shanblatt has difficulty choosing parameters,

and can not guarantee to converge globally. Chen and Fang�s model, [19] is a

generalization of Kennedy and Chua�s model, uses only simple hardware and
no analog multipliers are required. Yet the network has difficulty choosing pen-

alty parameters.

We now compare the networks (5) and (6) with our proposed networks in

(7)–(9) for solving problems (1) and (2). The network proposed by Xia (6) is

stable to exact solution and there are no parameters to set, but the main disad-

vantage of it is that too many expensive analog multipliers (like r and k) are
required for large scale quadratic programming problems, thus the set of hard-

ware implementation is expensive, and therefore greatly affect the accuracy of
solutions. Neural network model (7) of us is compared with (5), in Section 3,

(see also Tables 3–6). In (8) one does not need to compute all those calculations

required in (6) connected to the computational activities for k (see Fig. 1). Thus
(8) is easier to use and has the same accuracy as (6), (see Tables 3–6). Neural

network (9) proposed by us is better than our network (8) in the sense of com-

plexity, i.e. usage of analog multipliers and hardware implementations (see Ta-

bles 3–6). Thus, all together, we recommend neural network (9) since in

globally convergence, accuracy and complexity has better performance over
all other mentioned models. Simulation and numerical results are discussed

in the next section.
5. Simulation and numerical results

In this section, we illustrate the performance of the five described quadratic

problem solvers on a numerical example. We use our written software package,
with the fourth-order Runge–Kutta algorithm. The step size is 1/10. The exam-

ple problem is adapted from Wu et al. [20], and stated below:
Example 1. Consider the following constrained primal quadratic program-

ming problem (QP) and its dual (DQP):

ðQPÞ Min x21 þ x22 þ x1x2 � 30x1 � 30x2

s:t:
5

12
x1 � x2 þ x3 ¼

35

12
;

5

2
x1 þ x2 þ x4 ¼

35

2
;
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x5 � x1 ¼ 5;

x2 þ x6 ¼ 5;

xi P 0 ði ¼ 1; 2; . . . ; 6Þ;

ðDQPÞ Max
35

12
y1 þ

35

2
y2 þ 5y3 þ 5y4 � x21 � x22 � x1x2

s:t:
5

12
y1 þ

5

2
y2 � y3 � 2x1 � x2 6 �30;

� y1 þ y2 þ y4 � x1 � 2x2 6 �30;

y1 6 0;

y4 6 0:
Table 1 shows the optimal values for both problems (QP) and (DQP).

Our models are designed to solve problems (QP) and (DQP) simultaneously,

we therefore are going to show the effect of choosing feasible or infeasible start-

ing points on the convergence, stability and exactness of the solution. The
starting points are chosen to be in the both feasible and infeasible region of

the primal or dual problem. Four cases for the starting points are considered

and they are shown in Table 2.
Table 1

The exact optimal solutions

Exact primal variables x* Exact dual variables y*

5

5 0

5.833333 �6

0 0

10 9

0

Exact primal value (objective function) Exact dual value (objective function)

�225 �225

Table 2

Four ways of choosing initial values for primal and dual variables

Table Figure Feasible or

infeasible (primal)

Feasible or

infeasible (dual)

Initial values

(primal)

Initial values

(dual)

3 3 Feasible Feasible (�5,�5,0,35,0,10)T (0,�12,24,�35)T

4 4 Feasible Infeasible (�5,�5,0,35,0,10)T (0,�1,0,�2)T

5 5 Infeasible Feasible (3,0,7,5,�4,1)T (0,�12,24,�35)T

6 6 Infeasible Infeasible (3,0,7,5,�4,1)T (0,�1,0,�2)T
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Figs. 3–6 show the various state trajectories from different initial points for

both primal and dual variables of model (9). We see that New3 neural network

model (9) converges quickly (t = 10) to the exact solutions, moreover it is fully
Fig. 3. Trajectories of example problem (QP) and (DQP) for the given X and Y initial vectors

(t = 15).

Fig. 4. Trajectories of example problem (QP) and (DQP) for the given X and Y initial vectors

(t = 15).



Fig. 5. Trajectories of example problem (QP) and (DQP) for the given X and Y initial vectors

(t = 15).

Fig. 6. Trajectories of example problem (QP) and (DQP) for the given X and Y initial vectors

(t = 15).
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stable. Figs. 7 and 8 show that for model (8) the state trajectories always con-

verges to the exact solution independent of how to choose the initial points,

feasible or infeasible. Fig. 7 shows five arbitrary feasible initial starting values



Fig. 7. Numerical results for New2 model using feasible initial points. Five trajectories of example

problem (QP) and (DQP) starting with arbitrary fixed vector Y = (0,�1,0,�2)T and various X

vectors.

Fig. 8. Numerical results for New2 model using infeasible initial points. Five trajectories of

example problem (QP) and (DQP) starting with arbitrary fixed vector Y = (0,�1,0,�2)T and

various X vectors.
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for the example problem converging to the correct optimal solution, while

Fig. 8, illustrate five infeasible arbitrary initial starting values converges to
the exact solution.

To demonstrate and compare the behavior and properties of the proposed

neural networks in this article, many problems solved. Finally numerical solu-

tions for example problem (QP) and (DQP) using models (5)–(9) are given in

Tables 3–6.



Table 3

Numerical results for (QP) and (DQP) problems at t = 60 for different neural network models where initial values are x0 = (�5,�5,0,35,0,10)T,

y0 = (0,�12,24,�35)T

NN Optimal values for

primal problem (x*)

Optimal values for

dual problem (y*)

Optimal objective

value (primal)

Optimal objective

value (dual)

Complexity

Absolute error Absolute error

Wu et al. model (5) 5.0001180876 �224.9979143306 �225.0283496493 5

4.9997428710 �0.0082511461

5.8329386074 �5.996383688

0 0.0032528421 0.0020856693 0.0283496493

10.0001529128 �9.0171838065

0

New1 model (7) 5.0000000000 �225 �225.0000000000 4

4.9999999999 �4.39068402e�012

5.8333333333 �5.9999999999

0 1.81121400e�012 1.13686837e�013 8.41282599e�012

10.0000000000 �9.0000000000

0

Xia model (6) 4.9999999999 �225.000000000111 �225.0000000001 3

5.0000000000 �6.14541363e�011

5.8333333333 �5.9999999999

1.30263732e�012 2.63102380e�011 1.10958353e�010 1.21303855e�010

10.0000000000 �9.0000000000

�2.01427941e�011

4
6
2

A
.
M
a
lek

,
H
.G
.
O
sk
o
ei

/
A
p
p
l.
M
a
th
.
C
o
m
p
u
t.
1
6
9
(
2
0
0
5
)
4
5
1
–
4
7
1



New2 model (8) 4.9999999999 �225.0000000003 �225.0000000001 2

5.0000000000 �6.95673123e�011

5.8333333334 �5.9999999999

1. 85089119e�033 2.73464745e�011 3.16106252e�010 1.56887836e�010

9.9999999999 �9.0000000000

1.80498218e�034

New3 model (9) 5.0000000000 �224.9999999999 �225.0000000001 1

4.9999999999 �1.47815477e�011

5.8333333332 �5.99999999998

1.64400253e�033 1. 82228911e�012 9.28821464e�011 1.31393562e�010

10.0000000000 �9.0000000000

1.80498218e�034

A
.
M
a
lek

,
H
.G
.
O
sk
o
ei

/
A
p
p
l.
M
a
th
.
C
o
m
p
u
t.
1
6
9
(
2
0
0
5
)
4
5
1
–
4
7
1

4
6
3



Table 4

Numerical results for (QP) and (DQP) problems at t = 60 for different neural network models where initial values are x0 = (�5,�5,0,35,0,10)T,

y0 = (0,�1,0,�2)T

NN Optimal values for

primal problem (x*)

Optimal values for

dual problem (y*)

Optimal objective

value (primal)

Optimal objective

value (dual)

Complexity

Absolute error Absolute error

Wu et al. model (5) 5.000090751 �224.9984131401 �225.0215341173 5

4.9998034595 �0.0071409798

5.8330321225 �5.9967327285

0 0.0031041751 0.0015868598 0.0215341173

10.0001197675 �9.0149982375

0

New1 model (7) 4.9999999999 �225.0000000000 �225 4

5.0000000000 �5.88453718e�013

5.8333333333 �5.9999999999

0 2.89460588e�013 1.22213350e�011 3.97903932e�013

9.9999999999 �8.9999999999

0

Xia model (6) 4.9999999999 �225.0000000002 �225.0000000000 3

5.0000000000 �1.18676920e�011

5.8333333333 �5.9999999999

3.990592539e�012 5.99806465e�012 2.23280949e�010 1.46656020e�011

9.9999999999 �8.9999999999

�1.72532936e�011

4
6
4

A
.
M
a
lek

,
H
.G
.
O
sk
o
ei

/
A
p
p
l.
M
a
th
.
C
o
m
p
u
t.
1
6
9
(
2
0
0
5
)
4
5
1
–
4
7
1



New2 model (8) 4.9999999999 �225.0000000000 �224.9999999999 2

5.0000000000 1.84478664e�011

5.8333333333 �6.0000000000

2.10404664e�033 �5.16284130e�012 9.19442300e�011 6.30109298e�011

9.9999999999 �8.9999999999

2.34913816e�034

New3 model (9) 4.9999999999 �225.0000000003 �225.0000000000 1

5.0000000000 �4.20303163e�011

5.8333333334 �5.9999999999

1.56947942e�033 1.93772650e�011 3.31738192e�010 8.37871994e�011

9.9999999999 �9.0000000000

2.11029084e�034

A
.
M
a
lek

,
H
.G
.
O
sk
o
ei

/
A
p
p
l.
M
a
th
.
C
o
m
p
u
t.
1
6
9
(
2
0
0
5
)
4
5
1
–
4
7
1

4
6
5



Table 5

Numerical results for (QP) and (DQP) problems at t = 60 for different neural network models where initial values are x0 = (3,0,7,5,�4,1)T,

y0 = (0,�12,24,�35)T

NN Optimal values for

primal problem (x*)

Optimal values for

dual problem (y*)

Optimal objective

value (primal)

Optimal objective

value (dual)

Complexity

Absolute error Absolute error

Wu et al. model (5) 5.0001192449 �224.9978936368 �225.0285331995 5

4.9997403342 �0.0082922819

5.8329347049 �5.9963675610

0 0.0032650795 0.0021063631 0.0285331995

10.0001543758 �9.0172693436

0

New1 model (7) 5.0000000000 �225.0000000000 �225.0000000000 4

5.0000000000 �5.12802229e�012

5.8333333333 �5.9999999999

0 2.12851633e�012 3.92219590e�012 9.60653778e�012

10.0000000000 �9.0000000000

0

Xia model (6) 4.9999999999 �225.0000000001 �225.0000000001 3

5.0000000000 �6.94480294e�011

5.8333333333 �5.9999999999

2.15215012e�012 2.98985971e�011 1.62174274e�010 1.35571553e�010

10 �9.0000000000

�2.51939960e�011

4
6
6

A
.
M
a
lek

,
H
.G
.
O
sk
o
ei

/
A
p
p
l.
M
a
th
.
C
o
m
p
u
t.
1
6
9
(
2
0
0
5
)
4
5
1
–
4
7
1



New2 model (8) 4.9999999999 �225.0000000004 �225.0000000001 2

5.0000000000 �8.92239124e�011

5.8333333334 �5.9999999999

9.02491092e�035 3.56874380e�011 4.56850557e�010 1.94916083e�010

9.9999999999 �9.0000000000

1.80498218e�035

New3 model (9) 5.0000000000 �224.9999999999 �225.000000000216 1

4.9999999999 �3.13753239e�011

5.8333333332 �5.9999999999

9.02844396e�035 6.94596776e�012 6.77857769e�011 2.1 6004991e�010

10.0000000000 �9.0000000001

1.80498218e�035

A
.
M
a
lek

,
H
.G
.
O
sk
o
ei

/
A
p
p
l.
M
a
th
.
C
o
m
p
u
t.
1
6
9
(
2
0
0
5
)
4
5
1
–
4
7
1

4
6
7



Table 6

Numerical results for (QP) and (DQP) problems at t = 60 for different neural network models where initial values are x0 = (3,0,7,5,�4,1)T,

y0 = (0,�1,0,�2)T

NN Optimal values for

primal problem (x*)

Optimal values for

dual problem (y*)

Optimal objective

value (primal)

Optimal objective

value (dual)

Complexity

Absolute error Absolute error

Wu et al. model (5) 5.0001254936 �224.9977864274 �225.0287028834 5

4.9997269386 �0.0084856449

5.8329142368 �5.9962597130

0 0.0033900306 0.0022135725 0.0287028834

10.0001629143 �9.0177143440

0

New1 model (7) 4.9999999999 �225.0000000000 �225 4

5.0000000000 �2.78927526e�013

5.8333333333 �5.9999999999

0 1.36681625e�013 5.7411853049e�012 2.2737367544e�013

9.9999999999 �8.9999999999

0

Xia model (6) 4.9999999999 �225.0000000000 �225.0000000000 3

5.0000000000 �6.93493967e�012

5.8333333333 �5.9999999999

1.69404522e�012 3.34716313e�012 9.6065377874e�011 1.0061285138e�011

9.9999999999 �8.9999999999

�7.80332135e�012
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New2 model (8) 4.9999999999 �225.0000000001 �225.0000000000 2

5.0000000000 �1.01132467e�011

5.8333333333 �5.9999999999

9.41733623e�035 5.01038519e�012 1.3304202184e�010 1.2192913345e�011

9.9999999999 �8.9999999999

1.80498218e�035

New3 model (9) 4.9999999999 �225.0000000001 �225.0000000000 1

5.0000000000 �2.43092294e�011

5.8333333333 �5.9999999999

9.31312930e�035 9.28243240e�012 1.1110046216e�010 8.7737817011e�011

10.0000000000 �9.0000000000

1.80498218e�035
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The results of computer simulations indicate that the proposed neural net-

works of us are efficient techniques (see Tables 3–6), and their convergence

to the exact solution is not dependent to the initial values of the starting points.

This is due to the fact that we considered both primal and dual problems in

our analysis, and thus our models are based on the primal-dual solution of

the general quadratic problem.
The model complexity is ranked between 1 and 5, according to the usage of

analog multipliers and hardware implementations, i.e. as much as the number

is greater, the model uses more analog multipliers and therefore it needs rela-

tively more expensive hardware implementations. From Tables 3–6 we see that

our New3 neural network has the better performance among all of the other

models. It gives solution for both primal and dual problem independent of

the initial staring point. It is simple to use, not only converges more quickly

but also results in higher accuracy. It is fully stable and converges to the exact
solution globally. It is less complex model and therefore it is ranked 1 when

complexity is concerned. This is due to the fact that we do not process k in each

of the iterations, and this will save lots of computational efforts where we are in

need of thousands of iterations to solve the problem.
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